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ABSTRACT A simple, straightforward spontaneous fluctuations of fluores- photoelectric detection system is mod-
analysis to characterize the distribution cence intensity emitted from a defined eled as a Poisson distribution and is
of aggregate sizes in a reversible open region of the sample. These fluc- subtracted from the measured photon
aggregation system at equilibrium is tuations indicate fluctuations of the count fluctuation moments to yield the
presented. The method, an extension numbers of the fluorescent molecules desired fluorescence fluctuation mo-
of fluorescence correlation spectros- in the observation region. Shot noise ments. This analysis can also be used
copy (FCS), is based on measure- resulting from the random character of to estimate the fraction of immobile
ments of higher order moments of fluorescence emission and from the fluorophores in FCS measurements.

INTRODUCTION

Determining the size distribution of molecular aggregates
and polymers has been a problem of interest to polymer
chemists and biophysists for decades (Flory, 1953). Espe-
cially in reversible polymerization and aggregation sys-

tems such as the formation of micelles or cytoskeletal,
e.g., actin, filaments, it is essential to use a nonperturbing
method to determine the molecular weight distribution
(Frieden, 1985). In a recent series of papers, Palmer and
Thompson (1987, 1989a, b) have introduced high order
fluorescence correlation analysis to measure aggregation
of fluorescent molecules. This method, an extension of
conventional fluorescence correlation spectroscopy (FCS;
Elson, 1985; Elson and Webb, 1975), is based on an

analysis of the fluctuations in fluorescence that result
when the molecular aggregates diffuse into or out of a

small open region of the system. Whereas conventional
FCS measures transport and chemical reaction rates and
also yields limited information about aggregate sizes from
a simple autocorrelation of fluorescence fluctuations (cf.
Magde et al., 1974; Petersen, 1986), Palmer and Thomp-
son have demonstrated that further information about the
distribution of aggregate sizes may be obtained from
higher moments of the fluorescence fluctuations. The
analysis of the fluorescence fluctuations is complicated
theoretically and experimentally by the contribution of
shot noise to the measured fluctuation moments. In this
note we present an alternative analysis of this problem,
which is also overall a simplification. We first discuss the
moments of the fluorescence intensity distribution and
their relationship to the distribution of aggregate sizes.
Then we present a straightforward, convenient, and prac-

tical way of accounting for shot noise.

BASIC THEORY OF THE ANALYSIS OF
HIGHER FLUCTUATION MOMENTS

The determination of the distribution of degrees of aggre-
gation depends only on the equilibrium properties of the
system and uses only statistical information about the
measured fluorescence intensity fluctuations. The time
correlation of the fluctuations plays no essential role in
the analysis but provides a means for excluding shot noise.
The basic concept for this approach originated with
Smoluchowski in 1910 (Brenner et al., 1978).

It is straightforward to write down the fluctuation
moments for the fluorescence intensity supposing that the
particles in the observation region are governed by a

Poisson distribution. In dealing with nonuniform observa-
tion regions (i.e., nonuniform excitation profiles), how-
ever, there are advantages to taking a more general
approach, as follows. We denote the random variable 4' as

the integrated fluorescence intensity from a well-defined
volume of the sample and time interval. For a single
fluorescent molecule at position r with fluorescence yield
q, 4' = qI(r), where I(r) is the distribution of fluorescence
intensity, which depends on the excitation intensity and
the fluorescence photon collection characteristics of the
optical measurement system (Koppel et al., 1976). There-
fore (Feller, 1957)

(,9n) = qnf IM(r)P(r) dr,

where V is the total sample volume, and ( . ), indicates an

ensemble average for the system containing only one

particle. Since the molecule diffuses freely throughout the
system, the equilibrium probability is uniformly distrib-
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uted, i.e., P(r) = I/V,

((Dn) = (qn/V)f I"(r) dr,

therefore,

(IF¾ = XI q/V,

( (()2) = (D2) _ (4)2
= [X2/V- (X1/V)2] q2,

I= [X3/V- 3X2X1v2

+ 2(X,/V)1]q3,

( (A¢)4)- 3( (A4)2)2 = (X4/ 4 3/V2 -3X2

+ 1 2x2x/V32-6X4/ V4)q4,

where

Xn= In"(r) dr

which are numerical parameters that describe the excita-
tion and collection characteristics of the optical measure-

ment system (Palmer and Thompson, 1989b). It can be
shown that the above expressions are the first four
cumulants of the random variable (Aitken, 1957). If
rather than one there are now N identical and indepen-
dent, noninteracting particles in the system, the cumulant
for the random variable 41, the total fluorescence intensity
from N particles, will simply be the sum of the cumulants
associated with the individual particles (Aitken, 1957).
That is

((MI)2)N =N( (A4)2 )

(AcIi)3)N =N ( (Af) )

(A(+)4 )N- 3( (At)2)N= N[( (At)4)1 - 3( (At)2) 2]

where ( )N represents the ensemble average for a system
containing N particles. In most experimental conditions,
the excitation illuminated volume [_fIn(r)dr/In(O)] is
much smaller than the total sample volume V, the limiting
case (I / V -- 0) required for the validity of the Poisson
distribution. Hence terms of higher order in 1/ V can be
neglected. When there are a total ofN molecules in V, c =
(N/ V) is the number concentration of molecules.
Now suppose that in a multicomponent system the

mean concentration of the kth component is -k with
fluorescent yield qk. Suppose also that the solution is
ideal, i.e., molecular interactions are negligible. Then the
overall fluctuation moments for the fluorescence intensity
will be

(ID) = x,2;qkCk,

(2()) 2=

( )= x32qkCk,

(A4t4 _ 3((A4')2)2 = X42qk4

These results may also be derived directly by assuming a

Poisson distribution of the fluorescent particles in the
illuminated volume. Clearly, for a two-component sys-

tem, cl, q,, and c2. q2, we can determine the equilibrium
ratio of the components by measuring (4'), ((qm)2), and
((As)3).
FCS experiments are typically carried out using a

focused laser beam with Gaussian intensity profile to
excite fluorescence and define the observation region. The
divergence of the beam above and below the plane of
focus leads to complexity of interpretation that has been
analyzed elsewhere (Qian and Elson, 1989b). For simplic-
ity we suppose that the fluorescent molecules are confined
to the plane of focus of the laser excitation beam. Hence it
is sufficient to take I(r) = Io exp [-2r2/lw] with exp(-2)
radius w0. Thus, Xn = 1(irw2)/2n and for a system
containing only one component

(4') = qCxl = qC(I0/2)(irW) = q(N)IO/2,

where (N) is the mean number of particles in the (7rw')
area. Similarly,

(()2) = q2c(Io/2)2(- r) = (N)(qIO )2/4,

((Af)3) = (N)(qIo)3/6

so we have

( (A()2)/((-)2= l/(N)

as previously derived (Elson and Magde, 1974).
Suppose we have a mixture of molecular aggregates in

which there are Nk aggregates containing k monomers.

We can characterize the distribution of aggregate sizes,
INkl, in terms of the moments of the distribution. For
example, the mean, , and standard deviation, a2, of the
distribution are

A = kNk/Nk, g2 = Lk2Nk/lNk -_2

We can relate this to FCS measurements carried out with
a Gaussian laser excitation beam, as follows:

((MI)2) Zk2Nk a2 + I2
(D)2 N,

- 2kNk * N,

N, is the mean number of total monomers in beam. This
result was previously derived by Petersen (1986). More
detailed characterization of the distribution is obtained
by including higher moments in the analysis (Palmer and
Thompson, 1987), and derivations are straightforward.
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THE CONTRIBUTION OF SHOT NOISE

We have derived the relation between the distribution of
aggregate size and high moments of fluorescence inten-
sity 4. Experimentally, however, the directly measurable
quantity is the fluorescence photon counts. The moments
calculated from fluorescence photon counts are not iden-
tical to those of the fluorescence intensity because of the
randomness in the emission of fluorescence photons after
excitation and the characteristics of photon detection by a
photomultiplier. This effect, commonly called shot noise,
adds an overwhelming contribution to the zero time
amplitude of the fluorescence autocorrelation functions
measured in FCS experiments and, therefore, to the
moments needed to characterize aggregation distribu-
tions. Hence, it is necessary to exclude shot noise from the
experimental measurements.

Under constant excitation intensity, both the fluores-
cence photon emission and the generation of the photo-
electron cascade in the photomultiplier are random,
usually following a Poisson distribution (Mandel et al.,
1964; Saleh, 1978). This instantaneous randomness con-
tributes to the measured shot noise. Both the power
spectrum of the instantaneous fluorescence (Aw = 1014
s-') and the frequency response of the photomultiplier
(Aw O-Io-' ss-') are sufficiently broad that the correlation
of the shot noise persists only over nanoseconds in contrast
to our characteristic measurement time (>- 1O- s).
Thus, the shot noise contributes only to the zero time
correlation, and decays to zero before the first time point
in the measured correlation function.
A general way to determine ((A)2l) is by measuring

the photon count autocorrelation function, GC(t), in a
conventional FCS experiment and then extrapolating to
zero time to obtain the initial amplitude of the fluores-
cence autocorrelation function F1(O) = ((A4)2) (Iceno-
gle and Elson, 1985). This method is, however, time
consuming and requires a large amount of calculation and
curve fitting, and also a priori knowledge of the functional
form of GC(t). Furthermore, data of increasingly high
quality is required to evaluate satisfactorily the higher
order correlation functions. We have developed an alter-
native approach to this problem by directly calculating
the moments of the photon counts and explicitly correct-
ing the instantaneous shot noise effect.
The properties of the higher order time correlations are

similar to those of the conventional FCS fluorescence
autocorrelation function but more complex. In principle,
the higher order correlation functions have more than one
time argument. When these time arguments are all
different from each other, there is no contribution from
shot noise to the measured correlation function. There-

fore, the photon count correlation G(.) and fluorescence
intensity correlation F(.) are identical (within a constant
prefactor)

GC(t,) = q2F(t,),

G2(01, 12) = q3F(t1, t2),

G3(11, t2, 13) = q4F(tI, t2, 13),

where 0 < t1 < t2 < t3, t1 I t2, t2 f t3. But when t1 = t2,
the shot noise does play a role and, therefore, (Qian and
Elson, manuscript in preparation)

lim,,_O GI,(t,1) GI (O)

and likewise,

lim,2t, G2(t, 12) G2(t, t),

lim,t G2(0, t) G2(0, O).

Therefore, when the high order time correlations are

defined as G2(, t), G3(t, t, t), etc., and the moments are

obtained by extrapolation: lim,O Gj(t, t, . . .), the analy-
sis is substantially complicated by the need to correct for
the shot noise contribution. The high moments of the
fluorescence intensity distribution can be obtained with-
out shot noise by the following extrapolation:

limf_- lim,2-0 G20t,,2), t, :0 t2-

But this method, as stated before, requires extensive
computation to evaluate the two-dimensional G(tj, t2),
and also requires a priori knowledge of the functional
form for G(t,, t2).

Alternatively, we have developed a simple and practi-
cal approach to directly estimate the shot noise contribu-
tion by assuming the following Poisson distribution of
photon counts P for a single fluorescent particle

Probf k (XI(r)T)k XIr )drProb{P = k} = (())exp (-AI(r)T) V

where X is the rate constant for photoelectron generation,
which is proportional to quantum yield of fluorophore and
photon detection device; I(r) is the intensity of excitation
light; and T is the data collecting dwell time. An emission-
detection statistical distribution can also be experimen-
tally evaluated.

By using this random response model, we have obtained
the moments of the distribution of photon counts P
(Saleh, 1978; Qian and Elson, manuscript in prepara-

tion):

(P) = (I)
((Ap)2) = (p) + ((At)2)

(la)

(lb)
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and

((Ap)3) = 3( (Ap)2) - 2(P) + ( (M)3 ) (IC)

The terms (P) in Eq. 1 b and 3((Ap)2) - 2(P) in
(I c) are the shot noise contributions. Hence the moments
of the fluorescence fluctuations may be readily obtained
by sequentially subtracting the shot noise terms. The
intensity dependence of the shot noise effect is clear.
Since (4) x Q (=XIOT), a constant proportional to the
total excitation power, the fluorophore quantum yield,
and the dwell time of the measurement, and ((Afl)n)
Qfn, when Q is large, the first term in Eq. 1 b and first two
terms in Eq. 1 c will be negligible (Palmer and Thompson,
1989a). We have experimentally compared the evalua-
tion of shot noise obtained as above and by extrapolation
of the correlation functions to zero time, and have verified
their agreement (Qian, data not shown).
As pointed out by Palmer and Thompson (1989a),

there can also be random contributions from other sources

in the process of photon collection and detection. Then
theoretical prediction is difficult, and an empirical
response function must be introduced. This subject has
been extensively studied (Sarantites et al., 1980; Palmer
and Thompson, 1989a).

required to determine the immobile fraction: (Nm)/
(N,) = q-'(X1/X2MA'W)/(b).)

Consider a small open region (7rwo) in a mobile-
immobile system. The number of mobile particles in this
region follows Poisson distribution: (Nm ) = ((ANm)2)
((ANm)3') = average number of mobile particles in the
observation region. For the immobile particles, however

(Nn ) = number of immobile particles in the
observation region

(ANANn ) = (ANnAN0ANn0) = 0.

If these particles are uniformly labeled with fluorophore,
and the mobile component Nm and the immobile compo-
nent Nn are independent, the moments of fluorescence
intensity are:

(4) = xlq((Nm) + (Nn)),

( (4)2 ) = X2q2[((ANm)2) + ((ANn)2)]
= X2q2((ANm)2)
- X2q2(Nm).

Hence the immobile component does not contribute to the
fluctuation, and similarly,

( (A4) ) = x3q3(Nm) .

CALCULATION OF AN IMMOBILE
FRACTION FROM MOMENTS

In systems containing particles with a wide range of
mobilities, the slower moving particles may appear to be
immobile under conditions in which the motion of the
more rapidly moving particles is observable. This immo-
bile fraction is readily measured in fluorescence photo-
bleaching recovery (FPR) measurements (e.g., Petersen
et al. 1986), and has been observed in many different
kinds of biological systems (e.g., Schlessinger et al.,
1976). The conventional FCS experiment does not yield
the fraction of immobile particles. Nevertheless, there are
situations, e.g., at very low fluorophore concentrations or
when fluctuations are very large due to the grouping of a
large number of fluorophores together in a small number
of particles, when FCS may prove more suitable than
FPR. Advantages and disadvantages of both methods
have been studied (Icenogle and Elson, 1985). Hence it
is desirable to have a method to obtain the immobile
fraction from FCS measurements. This can be accom-
plished by introducing the third moment of fluorescence
fluctuations and treating the system as having two com-
ponents, one mobile and one immobile. (This argument is
for a self-contained experiment. If an external calibration
of q already exists, then only the first two moments are

(2)

For a single component system, the reciprocal of the
amplitude of the normalized autocorrelation function
yields the total number of particles in the observation
region (Elson and Magde, 1974). When immobile par-
ticles are present, however,

(,)2((A,)2) = (X2/X2)((Nm) (Nn))2/(Nm)

= (X2/X2)(Nt)2/(Nm ), (3)

where (N1) = (Nm) + (Ne) is the total number of
particles, mobile and immobile, in the observation region.
When (Ne ) = 0 this ratio yields (N1), and when (Nm) =

0 it becomes infinite. By the same analysis we have

OD )3/( (A)3) = (X3/X3)(Nt)3/(Nm)

Combining Eqs. 2 and 3, we have

(Nm)/(Nt) = (X3XI/X2)((A) )I/[(,k(
For a two-dimensional Gaussian laser excitation intensity
profile, (X3XI/X2) = 4/3. Computer simulation has con-

firmed this conclusion (Qian, unpublished results). More
important, for a three-dimensional system, (X3X1/X2) iS

measured to be -2 for our laser microscope system (Qian,
data not shown). This agrees approximately with Palmer
and Thompson (1989b), who obtain (X3XI/X)2 3 for

their system.
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COMPARISON WITH FLUORESCENCE
DISTRIBUTION SPECTROSCOPY (FDS)

An alternative approach to the same problem is to charac-
terize the aggregation distribution INkI directly from the
measured distribution of fluorescence photon counts,
Pp(n), rather than from its moments. There are at least
three ways to approach this task. First, one can calculate
INkI directly by inverting the response transformation
(Qian and Elson, 1989a). This scheme is theoretically
attractive, but computationally difficult. One may also
presuppose a specific form for INk , and calculate the
parameters that give the best fit to experimentally mea-
sured Pp(n). This is somewhat similar to moment analy-
sis. In some extreme cases, the distribution Pp(n) can
directly show multiple peaks, providing qualitative infor-
mation about aggregates (Qian and Elson, 1989a).
Moment analysis and distribution analysis are comple-
mentary. While moment analysis is highly sensitive to
aggregation, it is also strongly affected by external noise;
distribution analysis is less sensitive to both aggregation
state and noise.

DISCUSSION

The moments of fluorescence fluctuation depend only on
the equilibrium properties of the measured system. Nev-
ertheless, the dynamic properties of the system are impor-
tant in designing an experimental measurement. If diffu-
sion of the fluorescent aggregates is sufficiently fast, a
sufficiently large sample of fluctuations may be obtained
by observing spontaneous diffusion fluctuations in solu-
tion (Palmer and Thompson, 1987). For slowly moving or
immobile particles, spatial fluctuations in concentration
can be measured by systematic scanning (Weissman et
al., 1976; Petersen, 1986) or flow (Magde et al., 1978). A
straightforward moment analysis theory is presented
here, which is simpler than the previous treatment
(Palmer and Thompson, 1987), and should be easier to
apply. Complications caused by shot noise contributions
are avoided without resorting to lengthy time correlation
calculations by invoking a response function to model the
random characteristics of photon emission and collection.
High moment analysis is especially sensitive to the excita-
tion intensity profile. Therefore careful characterization
of the laser fluorescence microscope optical systems used
in these experiments is essential (Qian and Elson, 1988;
Palmer and Thompson, 1989b; Qian and Elson, 1989b).
High moment analysis can also provide an estimation of
the immobile fraction in a sample, a parameter which has
been commonly used in FPR. High moment analysis,
especially when combined with FDS, can provide unique
information about molecular aggregation.
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